Multivariate Distributions

1 Motivation

e Often when we are studying a particular topic we will take various measures that
pertain to that topic

e From hre the goal is usually to examine these measures and see what they tell us
about the topic we are studying

e Up until now we have only considered how we might approach one measure at a
time, in the form of Random Variables

e But, it may be useful to understand how different measures relate to each other

e We can encapsulate this relationship by examining what we call the joint distribu-
tion between multiple Random Variables

2 Definitions & Properties

2.1 Discrete Joints PDFs

e While it is possible to have a joint distribution bewtween a mixture of discrete and
continuous random variables, for this course we will focus on the joint distribu-
tion between random variables that are either all discrete random variables or all
continuous random variables.

Definition 1. Let X1, Xo, ..., X,, all be discrete random variables, each with the
support Sy, ...Sy, respectively. The the Joint probability distribution function (joint
PDF, for short) is the function p such that

P(X1=x1,Xo=29,... Xy, =x,) Forzxy €51,...,2, €S,
p(x1, .y ) =

10 else

e A few Notes about the joint PDF of Discrete Random Variables:

— The statement P(X; = x1, Xo = x2,..., X, = x,) is equivalent to the state-
ment P((X1 =z1)N (X2 = z2)N...N(X,, = xy)), where (X1 = 21), ..., (X, =
x,) are all seperate events

— The PDF equals P(X; = 21, X9 = 9, ..., X;, = 2,,) only when 21 € Sq, ...,z €
Sn. This means that if a single x; is not in the set S; for some i =1,2,3,...,n,
then the whole PDF evaluates to be 0.

e The Discerte Joint PDF has the following properties:
Let Xq,..., X,, be discrete random variables, let Si, ..., S, be their corresponding
supports, and let p be their joint PDF. Then



1. p(z1,...,xn) > V2 € Sy, ...,V €S,
2. Z$1631 Zx2€S2 e ZmnGSn p($17 ...71'”) - 1

2.2 Joint CDFs
e Like with singular Random variables, there are PDFs and CDF's

e the CDF will help us to easily define the join PDF of continuous random variables,
just as it did in the singualr case

Definition 2. Let X1, Xo,..., X,, all be random variables, each with the support
S1,...Sp, respectively. The the Joint cumulative distribution function (joint CDF,
for short) is the function F such that

F(:L’l, ,l’n) = P(Xl S Jil,XQ § T2, ,Xn S :L‘n)

e The Joint CDF has the following properties:
Let X1, ..., X,, be random variables, let S, ..., 5, be their corresponding supports,
and let F' be their joint CDF. Additionally, let 1, ..., 2, be real constant vaues.
Then

1. If any of the values input into the CDF is —oo, the the result is 0. i.e.

F(—o00,....,—0) = F(x1,—00,...,—00)

= F(l‘l, T2, —00, ...y —OO)

F(x1,...,@p_1,—00)
=0

2.3 Joint Continuous PDFs

e Like in the univariate case (the case where we are only working with one random
variable), we will define the joint continuous PDF in terms of the joint CDF

Definition 3. Let X1, Xo, ..., X,y all be continuous random variables, each with
the support Si,...Sy, respectively. Let F' be the joint CDF of Xi,...,X,. Then
the Joint probability density function (joint CDF, for short) is the non-negative
function f such that

Tn T
F(xl,...,xn):/ / f(t1, .. ty)dty...dt,

for all real values x1, ..., x, (assuming such a function exists).



The Continuous Joint PDF has the following properties:
Let X3, ..., X;, be continuous random variables, let Sy, ..., .5, be their corresponding
supports, and let f be their joint PDF. Then

1. f(z1,...,xn) > V21, ..., 2y
2. ffooo ffooo flxy, .., xp)day..dey, =1

It is worht noting that sometimes we are considering problems of the form
P((Xl, Xo, ..., Xn) S S)
Where S is a region of R"™.

If X1, Xo, ..., X, are discrete random variables, then the problem is fairly straight-
forward

If X1, X5, ...X,, are continuous, then we refer to the following theorem to solve the
problem:

Theorem 1. Let X1, Xs,..., X, be continuous random variables with joint pdf f
and let S be a region of R™. Then

P((X1,X2,....,X,) €95) —/---/f(wl,...,wn)dxl...da;n
S

3 Examples

1. Let X7 and X5 be discrete random variables with the following joint pdf:

p*2(1—p)l—=2 B B
p(x1,22) = { — 1 forz1 =0,22 and x2 = 0,1
0

else

Where 0 < p < 1. Let’s confirm that the joint pdf of X; and Xy is valid.
First, we note that the support of X is So = {0,1} and the support of X; is
S1 = {0, X5}. This means that when X5 = 0 the support of X; is just {0},
but when X9 = 1, the support is {0, 1}. So, the support of one of the random



vairables actually depends on the value of a different random variable

2, 2 pleve) = 3 ) planwy)
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2. Let X7 and X5 be continuous random variables with the following pdf:

[ exp(—x1) for0 <z and 0 <o <1
a1, 29) = { 0 else

Lets find P(.5 < X7+ X5 < 1). Note, we will apply the theorem we described



earlier, where our region S is described as .5 < X7 + X3 < 1

1
P(.5 < X1+ Xo< 1) = // f(xl,xg)dxldxg
x1+w27

11—z

1— mg
f(z1, z9)dzidxe —I—/ / f(x1,x9)dx1das
0=0Jx1=.5—2x2 xro=.5Jx1
2=

.5 1—x2 1—x2
/ exp( xl)dm1d$2+/ / exp(—z1)dxidze
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1=.5—T2
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/ DI day + / [enp(an)]} Zydes
T To=

[—exp(—x
2=0
.5
= /I :0[61']3(_(.5 — .%2)) — eg;p(_(l _ w2))]d1’2

1
+ [exp(—(0)) — exp(—(1 — x2))]dx2

r9=.5
.5

1
= [exp(xe — .5) — exp(xg — 1)]das +/ [1—exp(xe — 1)]dzs

z2=0 To=.5

leap(ws — 5) — exp(ra = V)], + [z2 — eap(ez — 1), 5
[(exp((.5) — .5) — exp((.5) — 1)) — (exp(0() — .5) — exp((0) — 1))]
+[(1 —exp((1) — 1)) — (.5 — exp((.5) — 1))]

= [1 —exp(—.5) + exp(—1) — exp(—.5)] + [exp(—.5) — .5]

= S5+exp(—1) — exp(—.5)

3. For this example we will simply introduce the bivariate normal distribution.

Definition 4. Let X;, X5 be continuous random varables with the joint PDF

1

1 X1 — M1, Tl — p1,, T2 — U2 962-#22)
T1,22) = exp | — —2 +
fonan) = 5oy (g (A (P (P2 (2

Where —o0 < pi,pe < 00, 0 < 01,09, and —1 < p < 1. (Note, the supports
of X1 and Xo are both (—o00,00)). When X1 and Xo have th joint pdf with the
parameters pi, fi2, 01,02, p asdescribed, then X1 and Xo are jointly said to have a
bivariate normal distribution. This is denoted as (X1, X2) ~ Na(u1, p2, 03,03, p)



