Bernoulli & Binomial Distributions

1 Revisiting the Coin Flip

Consider the experiment where we flip a fair coin

Sample space— {H, T}

Can we make a random variable for this experiment?

Let X = # of heads we observe when we flip a coin

X is 1 if we get a head, and 0 if we get a tail

What is the support of X? ({0,1})

What is the PDF of X7

Py (x) will be the function that takes a possible value of X, x, and returns P(X = x)

SO

Px (0)

and

Px (0)

Now, we can imagine that the coin that we flip is in fact not fair. (in fact, it has
been shown that a regular us penny actually favors landing heads up slightly)

Lets suppose that P(H) = p, where p is a probability between 0 and 1
What would this make P(T)? (1-p)

So if we return to our function notation, this would be:
—px(1)=p
—px(0)=1-p

How can we write this function in a formula?

One formula that we can use to get the desired function is p, (z) = p®(1 — p)*~=



e We say that if a R.V. has the above distribution function, then it is a Bernoulli
Random variable with a Bernoulli Distribution

e We write this as X ~ Bern(p)

e This is read as “X has a Bernoulli distribution with probability of success p”

2 Flipping More Coins

e Suppose that we now flip two coins, a quarter and a nickel; both have a probability

of landing heads up of p

e What is the sample space? — {(H,H),(H,T),(T,H),(T,T)}

e First lets find the probabilities of each outcome (note the outcome of each coin is

independent):

P(T,T) =

P(Quarter lands heads N Nickel lands heads)
P(Quarter lands heads) P(Nickel lands heads)

p2

P(Quarter lands heads N Nickel lands heads)
P(Quarter lands heads)P(Nickel lands tails)
p(1 = p)

P(Quarter lands tails N Nickel lands heads)
P(Quarter lands tails) P(Nickel lands heads)
(1—=p)p

P(Quarter lands tails N Nickel lands heads)
P(Quarter lands tails) P(Nickel lands tails)
(1-p)?

e Now lets make a random variable for this new experiment



Again we will let X = # of heads observed in a single trial of the experiment

What is the supprt of X? — {0, 1,2}

Lets find the formula for p, (), the distribution function of X

We know that:

but what is p, (1)?

P(X =0)
P((T,1))

Remember, p, (1) = P(X = 1), the probability that we observe 1 head

Because there are two coins there are (?) = 2 different ways that we could have

one coin land heads up

And because the coin flips are independent and both have the same probability of
coming up heads, the probability of the Quarter landing heads up with the nickel
landing heads down will be the same as the nickel landing heads up and the quarter

landing heads down

We can even think about the probability of the events X = 0 and X = 1 in a

similar way

In the case of X = 2, there are (3) = 1 ways to select two heads

In the case of X = 0, there are (3

) = 1 ways to select zero heads

This means that we can generalize our probility P(X = x) as

# of ways to select z heads x probability of one particular ordering of x heads

The # of ways to select x heads will be (i)

And because all orderings will have the same probability (due to independence
and all coins having the same probability of landing heads up), we see that the

probability of one particular ordering of x heads will be

P({H})*P({T})*™* =p"(1 —p)*™"



e What this means is that our formula for p, () can be written as:

Py (2) = <2)p2(1 —p)*?

T

e If we generalize our random variable to be the # of oberseved heads when flipping
n coins instead of just 2, hw would our formula change?

e We can see that since all of the coins would have the same probability of coming
up heads and would all still be independent, the probability of observing x heads
would still be of the form:

# of ways to select  heads x probability of one particular ordering of x heads

e with n coins however, the # of ways to select z heads would be (Z) and the
probability of one particular ordering of x heads would be

P{H})*PET})* " =p"(1—p)" "
e Thus our formula for the PDF of this random variable would be

pola) = (2)ora -

X

e If a random variable has this distribution, it is said to be a Binomial random
variable

e This is written as X ~ Bin(n,p)

e This notation is read as X has a binomial distribution with n attempts and p
probability of success

3 Verification, Mean, & Variance
e As we establish new probability distriobutions and their accompanying PDF's, we

will aim to do three things:

1. Verify that the PDF is valid (i.e., show that it follows the two rules for discrete
R.V. PDFs)

2. Establish the meand of distribution
3. Establish the variance of the distribution



3.1 Bernoulli
e We begin with the Bernoulli distribuion. Let X ~ Bern(p)

1. Verification

a) 0<p,(z)<1lvx e S

Proof. Let z € S, the support of X ({0,1}). Then p, = p*(1 — p)!==.
Since 0 < p <1 we see that 0 <1 —p < 1 as well. Thus 0 < p* <1 and

0 < (1 —p)t=® < 1. Therefore 0 < p, () < IVx € S

b) 2 respPx(z) =1

Proof.
1
Y opy(x) = D pf1-ptT
€S z=0
= l=p+p
=1
2. Mean
EX]=p
Proof.
EIX] = > apy(z)
€S
1
= > ap"1-p)"
x=0
= 0(1 — p) + 1p
= p
3. Variance
VIX]=p(l-p)

O]



Proof.

V[X] = E[X? — E*[X] <« Variance theorem
= Z 2%p (x) — p? < Proven above
x€eS

1
— ji:xsz( _Zﬁlfm__pQ
=0

= 0(1—p)+1p—p°
= p(1-p)

3.2 Binomial

e Now we will do the same with the Binomial Distribution. Let X ~ Bern(p)
1. Verification

— Note: We will be making use of what is call the binomial expansion
theorem, which states that:

(a+b)" = Zn: (TZL) aipni

=0

a) D pesPx () =1

Proof.
" (n
St = X (D)o
zeS =0
= (p+ (1 —p))" < Binomial Expansion Theorem
- 1"
=1

b) 0<p,(x)<1Vx e S

Proof. Let € S, the support of X ({0,1,...,n}). Then p, = (7)p*(1 —
p)17%. Since 0 < p < 1 wesee that 0 < 1—p < 1 as well. Thus 0 < p* < 1
and 0 < (1 —p)'~* < 1. Therefore 0 < (M)p”(1 — p)!~"Vz € S Since

S (M)p"(1—p)" =1 and We know that 0 < (M)p”(1—p)'~*Vz € S,



it must be true that 0(7)p“(1 — p)'™* < 1Vz € S as well. Therefore
0<(Mp"(1—pl=<1ivzes

2. Mean

O
E[X]=np
n
x<x>px (z)
€S
n! B
> (xv(n _ x)|> Pl —p)"
=0 '
ZSU < : ) p*(1 —p)"~ " < term where z = 0 is ust 0
= \#l(n— x)!
Z ((x — 1)!('7% — x)'> p*(1 — p)"~* < Cancel out x in numerator

and denominator

" —1)!
n (( (n—1) )'> p*(1 —p)"* < pull out a factor of n
‘ !

- n—1)! . o '
0> (G 7 ) 7 P Rewiting (0! tem

denominator as ((n — 1) — (x — 1))!

r—11 _ \n—2x :
np 1 <($ =1 — (e = 1))!> p* (1 —p) + pulling out a factor of p

3 n—1)! . o
npz((w—l)!((vi—g)_(x_l))!)p 1(1—p)< 1)—(z—1)

1 Rewriting n — z term in exponent as (n — 1) — (z — 1)

< a: — 1 T(Ln—_li)i (x _ 1)),) px_l(l _p)(n—l)—(x—l)
=0 !

1 Rewriting z = 1 lower boundary of summation as x — 1 =10

S
M1

Note, this also changes the upper bound from n to n-1

(n—1 n—1)—
an( n—l) y)!>py(1—p)( D=

T recplacing x — 1 with y in equation for readability

npz < ) — p)»~ =) « Combination definition



= np(l—p+p)" ! < Binomial Expansion Theorem
npln—l

3. Variance

Proof. proof left as an exercise



