
Homework 11
SOLUTIONS!

1. Let X ∼ Γ(α, β) where β is known. Find the most powerful test with a significance
of a for testing H0 : α = 1 vs Ha : α = 1/2.

Solution:

By the Neyman-Pearson Lemma, we know that the most powerful test rejects when

L(1)

L(1/2)
< k

⇐⇒ (Γ(1)β1)−1exp(−x/β)

β)−1x−1/2exp(−x/β)
< k

⇐⇒ (Γ(1)β1)−1

(Γ(1/2)β1/2)−1x−1/2
< k ← algebraic reduction of fraction

⇐⇒ 1

x−1/2
< k ← divide both sides by constant involving α and β

⇐⇒ x1/2 < k

⇐⇒ x < k

So, the most powerful test will reject the null hypothesis when X < k for an
appropriately selected k. Since the significance is a, we know that

a = P (Type I Error)

= P (X < k|δ = 1)

=

∫ k

0
e−xdx

= −e−x|k0
= 1− e−k

⇒ k = − ln(1− a)

Therefore, the most powerful test rejects the null hypothesis when X < − ln(1−a)
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2. Let X ∼ Exp(δ)

a) Show that the most powerful test for testing H0 : δ = 1 Vs. Ha : δ = δa(> 1)
at the α significance level rejects the null hypothesis in favor of the alternative
when X > − ln(α).

Solution:
By the Neyman-Pearson Lemma we know that the most powerful test will be
of the form

L(1)

L(δa)
< k

→ e−x

1
δa
e−x/δa

< k

→ δae
x(1/δa−1) < k

→ ex(1/δa−1) < k

→ x(1/δa − 1) < k

→ x > k ← Since δa > 1⇒ 1/δa − 1 < 0

So, the most powerful test will reject the null hypothesis when X > k for an
appropriately selected k. Since the significance is α, we know that

α = P (Type I Error)

= P (X > k|δ = 1)

=

∫ ∞
k

e−xdx

= −e−x|∞k
= e−k

⇒ k = − ln(α)

Therefore, the most powerful test rejects the null hypothesis when X >
− ln(α)

b) Show whether or not the most powerful test from part a) rejects the null
hypothesis when X = 1 and α = .5?

Solution:
We know that the most powerful test rejects when X > − ln(α) = − ln(.5) ≈
0.693147181. So, when X = 1, we have that X > − ln(.5), therfore we see
that the test would reject the null hypothesis.

3. Let X1, ..., Xn be i.i.d. Γ(a, b) where a is known. Suppose you would like to test
H0 : b = 1 Vs. Ha : b = 3 at the significance level α. Derive the most powerful α
level test for this testing situation.
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Solution:
By the Neyman-Pearson Lemma, we know that the most powerful test will be of
the form

L(1)

L(3)
< k∏n

i=1(Γ(a)1a)−1xa−1i e−xi/1∏n
i=1(Γ(a)3a)−1xa−1i e−xi/3

< k

3ae
∑n

i=1 xi(1/3−1) < k
n∑
i=1

xi(1/3− 1) < k ← Divide by 3a and take ln

n∑
i=1

xi > k ← Divide by 1/3− 1, which reverses the inequality

We know that nunder the null hypothesis,
∑n

i=1 xi ∼ Γ(na, 1), so setting the
significance to be α we can solve for k:

P (Type I error) = α

⇒ P (
n∑
i=1

xi > k|b = 1) = α

We can see that k will be a function of a, so when we solve for k, we find that
k is gα, the 1 − α percentile of Γ(na, 1). So, the most powerful test rejects when∑n

i=1Xi > gα.

4. Problem 10.88 from the book (p 546)

Solution:
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5. Problem 10.89 from the book (p 546)

Solution:

6. Problem 10.93 from the book (p 547)

Solution:

7. Problem 10.94 from the book (p 547)

Solution:

8. Problem 10.96 from the book (p 547)
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Solution:

9. Problem 10.98 from the book (p 548)

Solution:
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Challenge Question:
Let X ∼ Exp(δ). Suppose that you want to test H0 : δ = 1 Vs. Ha : δ 6= 1, and you

plan to use X as your testing statistic. Let the corresponding rejection region be
RR = {x : x ≥ −ln(α/2) or x ≤ −ln(1− α/2)}. Calculate the probability of a type II

error for this rejection region when the true value of δ is δ = 2
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