1 Sample Size

In some cases, experiemtners would like the results of an experiment to be accurate
within a certain amount, say b > 0.

In the case of large sample experiments, this is an achievable request

With large samples we know that X will be our estimate for E[X;] and that our
1 —a CI will be
— —
(X - %Za/QaX + %Za/Q)

We can think of the -%=7, part of this CI as the measurement of accuracy of our

vn

X estimate

So, if we want our estimate to be within b units of measurement of the true value
of the mean (with 1 — « probability), then that means that we want

g

%Za/2 = b
2
g

For fixed «, b, and o

We don’t usually have o so we often estimate it with previous estimates, or based
on informed beliefs

1.1 Example

Suppose that you want to estimate the average daily yield of a chemical process p. If
we assume that the standard deviation of this process is about 20 tons for a given day,
then how big of a sample would we want to take in order to have our estimate be within
5 tons of the true mean p with a 95% probability?

Solution:

Here, a = .05 = Z, /5 = 1.96. We also have b = 5. So we would want our sample size to
be approximately

0.2

400,
—1.96
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61.4656

Q
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So, we would want ot take a sample of size n = 62 to create the desired precision



1.2 Exercise

Suppose You are a chemist who is trying to synthesize a specific compund. You have
been working with a new technique and you think that this process can turn 60% of
the imput compunds into the desired synthesized compund, and want to attempt the
process enough times to get an estimate that is within .04 of the true proportion that is
converted. how many times should you execute the process to get the desired precision?

1.3 Solution

Suppose You are a chemist who is trying to synthesize a specific compund. You have
been working with a new technique and you think that this process can turn 60% of
the imput compunds into the desired synthesized compund, and want to attempt the
process enough times to get an estimate that is within .04 of the true proportion that is
converted. how many times should you execute the process to get the desired precision?
Solution:

Because this is a proportion problem, we can estimate V[X;] = p(1 — p) with .6(1 — .6)
since we think that p is around .6. This gives us:

02

n = b—QZ;/2
6(.4)
(.04)2
576.24

Q

1.962

%

So, we would want to run the process 577 times to get the desired precision.

2 Normal Population Cls

Now we will focus on one of the most prolific CI problems in statistics, the small sample
CI in normal population situations.

2.1 Examples

Let Xi,..., X, be i.i.d. N(pg,02), Y1,..., Yy, be iid. N(My70§)7 and let all of the Xs
and Y's be independent.
Assume that o2 and O’Z are both known

1. Derive a two sided 1 — « CI for u, based on Xj,..., X,
Solution:
‘We know that
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X o~ N(Mw
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X —

X — g
= P(—Za/g < \/m < Za/z) = 1l—«
= P(X —\/02/nZyp < o < X +1\/02/0Zyp0) = 1—«

So, our 1 —a Clis (X — \/02/nZy 2, X + /03 /nZy)2)

2. Derive a two sided 1 — o CI for p, — py based on Xy, ..., X, Y7,..., Y,
Solution:
‘We know that

2 2
— os — o,
X ~ N(Mﬂ?v?)’ Y ~ N(:U’yva)
2 0-2
=X =Y ~ N(us—py, -2+ -2)
n m
X-Y -
= 2(“”"2 ty) N(0,1)
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=>P(fZa/2< e 'uy)<Za/2) = l—-«a
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- o2 o2 _ o2 o2
= P(X-Y - ﬁ+ﬁ2a/z<ux—uy<X— + ﬁ—l—%yZa/g) = 1-«

So,our 1 —a Clis (X - Y — ﬁ%—ﬁ a/Q,Y—?+ Ug+i§ 0/2)

n
Y

2.2 Exercises

Let Xi,..., X, be i.i.d. N(pg,02), Y1,..., Yy, be iid. N(uy,ag), and let all of the Xs
and Y's be independent.

Assume that o, = 0, = 0 is unkown.

1. Construct a two sided 1 — « CI for p, based on X1, ..., X,

a) First contruct a pivot. We know that X ~ N(ug,0?), "J—}lS% ~ x2_, and
that X and S? are independent. Using this information, try to construct a
statistic that is a function of u, (but can be shown to not depend upon o
that has a known distirbution that does not depend on any unkown values.

b) Using this pivot construct the CI



2. Construct a two sided 1 — « CI for p; — pyy based on Xy, ..., X,
a) First, we need a pivot. We know that X —Y ~ N(uy — iy, %2 + 075) We
also know that ”0—}15:% ~ x2_, and ”;‘;2135 ~ x2,_;. Find the distirbution of

n—1¢g2 m—1 Q2
S+ S Sy

L (XG=X)240T (Vi—Y)? - - -
b) Let §2 = 2im 00 (V) g g mbm=2,62 _ nolg2 4 moig2
c¢) It can be shown that %”5_25% = "7_2153—1— mT;lSZ and X —Y are independent.
Knowing the distribution of "7_2153 + ”:‘;2155 = ”J::’;_Q S}%, construct a pivot

for puz — py.

d) Construct the 1 — a CI for i — 1y

2.3 Solutions

Let X1,..., X, be iid. N(pg,02), Y1,..., Yy, be iid. N(uy,ag), and let all of the Xs
and Y's be independent.
Assume that 0, = 0, = 0 is unkown.

1. Construct a two sided 1 — « CI for p, based on X1, ..., X,

a) First contruct a pivot. We know that X ~ N(jug,0?), "7_215923 ~ x2_, and
that X and S? are independent. Using this information, try to construct a
statistic that is a function of u, (but can be shown to not depend upon o
that has a known distirbution that does not depend on any unkown values.
Solution:

— o
X ~ N(:U%v;)
Xy X -
\/ﬁ o /0'2/1’1/ ( ) )
n—1
%753 ~ X%—1

V(X = ) /o
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~
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b) Using this pivot construct the CI. Hint: The t distribution is symmetric about
0 for all degreees of freedom.



Solution:
Let —t,_1 o2 and t,,_; 49 be the a/2 and 1 — /2 percentiles of ¢, 1.

Xop)
S2/n "
(Y_Nm)
= Pty 102 < —m— <lp1ap) = 1-
= P(X —\/S2/nty 102 < pa <X +1/S%/0ty_140) = 1-«

So, our 1 —a ClLis (X — /S2/nt,_1 4/2, X +/S2/nty_1.0/2)
2. Construct a two sided 1 — « CI for p; — pyy based on Xy, ..., X,
a) First, we need a pivot. We know that X — Y ~ N(us — gy, & + Z). We

n m
also know that "7_215’% ~ x2_, and ”25155 ~ x2,_1. Find the distirbution of

n—1¢g2 m—1 Q2
2% + Sy

o2
Solution:

n—1_, 9 n—1
o2 SxNXn—l F( 9 72>

m—1 m—1
5 S; NX72n—1 = F(T’2)

n—1 m—1 n+m—2
= o2 Sg + o2 SS ~ F( 9 a2) = X?L+m—2

Since all of the Xs and Y's are independent 1

n _X)2 m )2
b) Let §7 = 2 B R vy that nEm=2G2 _ nolg2 | molg

Soluti nhme2 o2 Mz o2
olution:
nelp m-lg _ n-1YE(X-X)° m-1¥0 (%)
o2 T o2 Y o2 n—1 o2 p—
L TR -X)? R (- V)
= : d
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c¢) It can be shown that "JFULQQS}% = "7_215% 4 ml Sg and X —Y are independent.

o2
Knowing the distribution of "72153 + mg;lsg = "T;“Q Sz, construct a pivot
for puz — py.
Solution:

— g
X-V ~ Niuw—py %+ 2)

= = = ~ N(0,1)
N
n+m—2
- TSZ ~ X127,+m—2
—= = -2
— X —Y and %Sz are independent
o
Y_?_(Nw_ﬂy)
T
= n+m—2 Q2 ~ lmn—2
VS (m 4 —2)
XV — (o —
N 1(ux : My) by
SpGe + )
d) Construct the 1 — « CI for piz — f1y
XY —(pa—p)
~ ln4+m—2

S5+ )

XY — (e — 1y)

S + )

/ 1 1 . / 1 1
= P(_tn+mf2,a/2 ng;(a + E) < X_Y_(Mz_luy) < tn+mf2,a/2 S}%(ﬁ + E)) =l-a

— = T 1 - T 1
= P(X=Y ~tyim—24/2 Sg(ﬁ + E) < pa—py < X=Y 4t 1m 24072 S,%(ﬁ + %)) =1l-a
So, our 1—a Cl is (Y—?—tn+m_27a/2 Sg(% 4 %)’Y_7+tn+m_27a/2 S}%(% +1y)

m

= P(_tn+m72,a/2 < < tn+m72,a/2) =l-a



