
Homework 9
SOLUTIONS!

Let X1, ..., Xn be i.i.d. N(aµ+ b, σ2 + c)

1. Assume that σ2 is known. Construct a two sided CI for µ based on X1, ..., Xn

when:

a) a = 1, b > 0, c = 0
Solution:
(Let Zα/2 be the 1− α/2 percentile of the N(0, 1) distribution).

X̄ ∼ N(µ+ b,
σ2

n
)

⇒
√
n
X̄ − (µ+ b)

σ
∼ N(0, 1)

⇒ P (−Zα/2 <
√
n
X̄ − (µ+ b)

σ
< Zα/2) = 1− α

⇒ P (X̄ − σ√
n
Zα/2 < (µ+ b) < X̄ +

σ√
n
Zα/2) = 1− α

⇒ P (X̄ − σ√
n
Zα/2 − b < µ < X̄ +

σ√
n
Zα/2 − b) = 1− α

So, our two sided 1− α CI for µ is ((X̄ − b)− σ√
n
Zα/2, (X̄ − b) + σ√

n
Zα/2)

b) a > 0, b = 0, c = 0
Solution:
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(Let Zα/2 be the 1− α/2 percentile of the N(0, 1) distribution).

X̄ ∼ N(aµ,
σ2

n
)

⇒
√
n
X̄ − (aµ)

σ
∼ N(0, 1)

⇒ P (−Zα/2 <
√
n
X̄ − (aµ)

σ
< Zα/2) = 1− α

⇒ P (X̄ − σ√
n
Zα/2 < (aµ) < X̄ +

σ√
n
Zα/2) = 1− α

⇒ P (
1

a
(X̄ − σ√

n
Zα/2) < µ <

1

a
(X̄ +

σ√
n
Zα/2)) = 1− α

So, our two sided 1− α CI for µ is ( 1
a(X̄ − σ√

n
Zα/2), 1

a(X̄ + σ√
n
Zα/2))

c) a = 1, b = 0, c > 0
Solution:
(Let Zα/2 be the 1− α/2 percentile of the N(0, 1) distribution).

X̄ ∼ N(µ,
σ2 + c

n
)

⇒
√
n
X̄ − µ√
σ2 + c

∼ N(0, 1)

⇒ P (−Zα/2 <
√
n
X̄ − µ√
σ2 + c

< Zα/2) = 1− α

⇒ P (X̄ −
√
σ2 + c√
n

Zα/2 < µ < X̄ +

√
σ2 + c√
n

Zα/2) = 1− α

So, our two sided 1− α CI for µ is (X̄ −
√
σ2+c√
n
Zα/2, X̄ +

√
σ2+c√
n
Zα/2)

2. Assume that σ2 is unkown. Contruct a two sided CI for µ based on X1, ..., Xn

when:

a) a > 0, b > 0, c = 0
Solution:
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(Let tα/2 be the 1− α/2 percentile of the tn−1 distribution).

X̄ ∼ N(aµ+ b,
σ2

n
)

⇒
√
n
X̄ − (aµ+ b)

σ
∼ N(0, 1)

→ n− 1

σ2
S2
X ∼ χ2

n−1

⇒
√
n X̄−(aµ+b)

σ√
n−1
σ2 S

2
X/(n− 1)

=

√
n(X̄ − (aµ+ b))√

S2
X

∼ tn−1

⇒ P (−tα/2 <
√
n(X̄ − (aµ+ b))√

S2
X

< tα/2) = 1− α

⇒ P (X̄ −

√
S2
X√
n
tα/2 < aµ+ b < X̄ +

√
S2
X√
n
tα/2) = 1− α

⇒ P (
1

a
(X̄ −

√
S2
X√
n
tα/2 − b) < µ <

1

a
(X̄ +

√
S2
X√
n
tα/2 − b)) = 1− α

So, our two sided 1−α CI for µ is ( 1
a((X̄−b)−

√
S2
X√
n
tα/2), 1

a((X̄−b)+
√
S2
X√
n
tα/2))

b) a > 0, b > 0, c > 0
Solution:
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(Let tα/2 be the 1− α/2 percentile of the tn−1 distribution).

X̄ ∼ N(aµ+ b,
σ2 + c

n
)

⇒
√
n
X̄ − (aµ+ b)√

σ2 + c
∼ N(0, 1)

→ n− 1

σ2 + c
S2
X ∼ χ2

n−1

⇒
√
n X̄−(aµ+b)√

σ2+c√
n−1
σ2+c

S2
X/(n− 1)

=

1√
σ2+c
1√
σ2+c

√
n(X̄ − (aµ+ b))√

S2
X

=

√
n(X̄ − (aµ+ b))√

S2
X

∼ tn−1

⇒ P (−tα/2 <
√
n(X̄ − (aµ+ b))√

S2
X

< tα/2) = 1− α

⇒ P (X̄ −

√
S2
X√
n
tα/2 < aµ+ b < X̄ +

√
S2
X√
n
tα/2) = 1− α

⇒ P (
1

a
(X̄ −

√
S2
X√
n
tα/2 − b) < µ <

1

a
(X̄ +

√
S2
X√
n
tα/2 − b)) = 1− α

So, our two sided 1−α CI for µ is ( 1
a((X̄−b)−

√
S2
X√
n
tα/2), 1

a((X̄−b)+
√
S2
X√
n
tα/2))

3. Assume that σ2 is unkown, a = 1, and b = 0.

a) Construct a two sided CI based on X1, ..., Xn for σ2 when c = 0
Solution:
(Let χ2

α/2 and χ2
1−α/2 be the 1− α/2 and α/2 percentiles of the χ2

n−1 distri-

bution).

X1, ..., Xn i.i.d. N(µ, σ2)

⇒ n− 1

σ2
S2
X ∼ χ2

n−1

⇒ P (χ2
1−α/2 <

n− 1

σ2
S2
X < χ2

α/2) = 1− α

⇒ P (
1

(n− 1)S2
X

χ2
1−α/2 <

1

σ2
<

1

(n− 1)S2
X

χ2
α/2) = 1− α

⇒ P (
(n− 1)S2

X

χ2
α/2

< σ2 <
(n− 1)S2

X

χ2
1−α/2

) = 1− α

So, our two sided 1− α CI for σ2 is (
(n−1)S2

X

χ2
α/2

,
(n−1)S2

X

χ2
1−α/2

)
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b) Construct a two sided CI based on X1, ..., Xnfor σ2 when c = 1
Solution:
(Let χ2

α and χ2
1−α be the 1− α and α percentiles of the χ2

n−1 distribution).

X1, ..., Xn i.i.d. N(µ, σ2 + 1)

⇒ n− 1

σ2 + 1
S2
X ∼ χ2

n−1

⇒ P (χ2
1−α/2 <

n− 1

σ2 + 1
S2
X < χ2

α/2) = 1− α

⇒ P (
1

(n− 1)S2
X

χ2
1−α/2 <

1

σ2 + 1
<

1

(n− 1)S2
X

χ2
α/2) = 1− α

⇒ P (
(n− 1)S2

X

χ2
α/2

< σ2 + 1 <
(n− 1)S2

X

χ2
1−α/2

) = 1− α

⇒ P (
(n− 1)S2

X

χ2
α/2

− 1 < σ2 <
(n− 1)S2

X

χ2
1−α/2

− 1) = 1− α

So, our two sided 1− α CI for σ2 is (
(n−1)S2

X

χ2
α/2

− 1,
(n−1)S2

X

χ2
1−α/2

− 1)

c) Construct a lower bound CI based on X1, ..., Xn for σ2 when c = 0
Solution:
(Let χ2

α and χ2
1−α be the 1− α and α percentiles of the χ2

n−1 distribution).

X1, ..., Xn i.i.d. N(µ, σ2)

⇒ n− 1

σ2
S2
X ∼ χ2

n−1

⇒ P (
n− 1

σ2
S2
X < χ2

α) = 1− α

⇒ P (
1

σ2
<

1

(n− 1)S2
X

χ2
α) = 1− α

⇒ P (
(n− 1)S2

X

χ2
α

< σ2) = 1− α

So, our lower bound 1− α CI for σ2 is (
(n−1)S2

X
χ2
α

,∞)

d) Construct an upper bound CI based on X1, ..., Xn for σ2 when c = 1
Solution:
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(Let χ2
α and χ2

1−α be the 1− α and α percentiles of the χ2
n−1 distribution).

X1, ..., Xn i.i.d. N(µ, σ2 + 1)

⇒ n− 1

σ2 + 1
S2
X ∼ χ2

n−1

⇒ P (χ2
1−α <

n− 1

σ2 + 1
S2
X) = 1− α

⇒ P (
1

(n− 1)S2
X

χ2
1−α <

1

σ2 + 1
) = 1− α

⇒ P (σ2 + 1 <
(n− 1)S2

X

χ2
1−α

) = 1− α

⇒ P (σ2 <
(n− 1)S2

X

χ2
1−α − 1

) = 1− α

So, our upper bound 1−α CI for σ2 is (−∞, (n−1)S2
X

χ2
1−α

−1) (which we can write

as (0,
(n−1)S2

X

χ2
1−α

− 1) since σ2 > 0)

4. Problem 8.80 from the book (p 430)

Solution:

5. Problem 8.81 from the book (p 430)

Solution:

6. Problem 8.93 from the book (p 433)

Solution:
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Challenge Question:
Let X1, ...Xn1 be i.i.d. with the following distirbution function:

f(x) =
1

δ
e−

(x−µ)
δ I(µ < x <∞)

Assuming that δ is known, construct a two sided 1− α CI for µ that is a function of
X1, ..., Xn, δ, and percentiles of the Exp( 1

n) distribution.
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