
HW 1
Solutions

1. Let X be distributed Gamma(α, β) and let a > 0 be a constant. Find the distri-
bution of U = aX.
Solution:

h(X) = aX

⇒ h−1(U) = U/a

⇒ fU (u) = fX(h−1(u))| d

du
h−1(u)|

fX(h−1(u))| d

du
h−1(u)| =

1

Γ(α)βα
(u/a)α−1e

− (u/a)
β |1

a
|

=
1

Γ(α)βα
uα−1(

1

a
)αe
− u
aβ

=
1

Γ(α)(aβ)α
uα−1e

− u
aβ

Where 0 < u <∞.
Thus U ∼ Γ(α, aβ)

2. Let X be distributed Normal(µ, σ2) and let a > 0, b be constants. Find the distri-
bution of U = a(X + b).
Solution:

h(X) = a(X + b)

⇒ h−1(U) =
U − ab
a

⇒ fU (u) = fX(h−1(u))| d

du
h−1(u)|

fX(h−1(u))| d

du
h−1(u)| =

1√
2πσ

e−
1
2
(
(U−ab)/a−µ

σ
)2 |1
a
|

1



=
1√
2πσ

e−
1
2
(
(U−ab)/a−aµ

a
σ

)2 1

a

=
1√

2πaσ
e−

1
2
(
U−(a(b+µ))

aσ
)2

Where −∞ < u <∞.
Thus U ∼ N(a(b+ µ), (aσ)2)

3. Let X be distributed Uniform(0, θ) where θ > 0 and let a > 0 be a constant. Find
the distribution of U = aX.
Solution:

FU (u) = P (U ≤ u)

= P (aX ≤ u)

= P (X ≤ u

a
)

=

∫ u/a

0

1

θ
dx (= FX(u/a))

=
u

aθ

Where 0 < u/a < θ ⇒ 0 < u < aθ.

⇒ fU (u) =
d

du
FU (u)

=
d

du

u

aθ

=
1

aθ

Where 0 < u < aθ.
Thus U ∼ U(0, aθ)

4. Let X1, X2 be distributed Bernoulli(p), and let X1 and X2 be independent. Find
the distribution of U = X1 +X2

Solution:

X1, X2 ∼ Bernoulli(p)⇒ mX1(t) = mX2(t) = 1− p+ pet

MU (t) = E[eUt]

= E[e(X1+X2)t]

= E[eX1teX2t]

= E[eX1t]E[eX2t]← since X1 and X2 are independent

= (1− p+ pet)(1− p+ pet)

= (1− p+ pet)2
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Thus U ∼ Binomial(2, p)

5. Let X1, X2 be distributed Poisson(λ), and let X1 and X2 be independent. Find
the distribution of U = X1 +X2

Solution:

X1, X2 ∼ Poisson(λ)⇒ mX1(t) = mX2(t) = eλ(e
t−1)

MU (t) = E[eUt]

= E[e(X1+X2)t]

= E[eX1teX2t]

= E[eX1t]E[eX2t]← since X1 and X2 are independent

= eλ(e
t−1)eλ(e

t−1)

= e(2λ)(e
t−1)

Thus U ∼ Poisson(2λ)

6. Let X1, X2 be distributed Gamma(α, β), and let X1 and X2 be independent. Find
the distribution of U = X1 +X2

Solution:

X1, X2 ∼ Gamma(α, β)⇒ mX1(t) = mX2(t) = (1− βt)−α for t < 1
β

MU (t) = E[eUt]

= E[e(X1+X2)t]

= E[eX1teX2t]

= E[eX1t]E[eX2t]← since X1 and X2 are independent

= (1− βt)−α(1− βt)−α

= (1− βt)−(2α), when t < 1
β

Thus U ∼ Gamma(2α, β)

7. Let X be distributed Uniform(0, 1). Find the distribution of U = −ln(X)
Solution:

FU (u) = P (U ≤ u)

= P (−ln(X) ≤ u)

= P (X > e−u)

=

∫ 1

e−u

1

1
dx

= 1− e−u
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Where

0 < x < 1 ⇒ −∞ < ln(x) < 0

⇒ 0 < −ln(x) <∞
⇒ 0 < u <∞

⇒ fU (u) =
d

du
FU (u)

=
d

du
1− e−u

= e−u

Where 0 < u <∞.
Thus U ∼ Exponential(1)

8. Let X1, X2, ..., Xn all be be distributed Normal(µ, σ2). Let X1, X2, ..., Xn be mu-
tually independent.

a) Find the distribution of U =
∑m
i=1Xi for positive integer m ≤ n

Solution:

X1, X2, ..Xn ∼ Normal(µ, σ)⇒ mX1(t) = mX2(t) = ... = mXm(t) = eµt+σ
2 t2

2

MU (t) = E[eUt]

= E[e(
∑m

i=1
Xi)t]

= E[e(
∑m

i=1
Xit)]

= E[
m∏
i=1

eXit]

=
m∏
i=1

E[eXit]← since X1, X2, ..., Xm are mutually independent

=
m∏
i=1

eµt+σ
2 t2

2

= e(mµ)t+(mσ2) t
2

2

Thus U ∼ Normal(mµ,mσ2)

b) Find the distribution of Z2 where Z = X1−µ
σ Hint: Can the solution from

problem #2 be applied here for specific values of a and b?
Solution:
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MZ2(t) = E[eZ
2t]

=

∫ ∞
−∞

ez
2t

√
2π
e−

z2

2 dz

=

∫ ∞
−∞

1√
2π
e−

1−2t
2
z2dz

=
1√

1− 2t

∫ ∞
−∞

√
1− 2t√

2π
e−

1−2t
2
z2dz → assuming 2t < 1

=
1

(1− 2t)1/2

This is the mgf of Γ(12 , 2). Therefore Z2 ∼ Γ(12 , 2).

9. Problem 6.14 from the book (p 309)

10. Problem 6.15 from the book (p 309)

11. Problem 6.69 from the book (p 332)
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Challenge Question:
Let X be a random variable with a pdf of fX(x) and a cdf of FX(x) on the support
(a, b). Prove that the distribution of U = F (X) is Uniform(0, 1).Hint: The cdf of a

random variable is always invertible.
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