1 Multivariate Jacobian

Let Xj, Xo,...X,, are Random variables with a joint pdf f(z1,z2,...x,) and suppose we

have transformations U; = hq (X1, X2, ...Xy), Us = ha(X1, X, ... X0), ..., Up = hp (X1, Xo, ... X})
such that h1, ho, ...h, form a one-to-one transformation from X7, Xo, ..., X,, to Uy, Us, ..., U,.

Since these are a one-to-one transformation we know that there exists hl_l, hy L, ht

that ”undoes” the transformations performed by hq, ho, ..., hyp... i.e. X1 = hl_l(Ul, Ug,....Up), Xo =
hy YU, Uy ooy Up),y ooy X = by YU, Uss .., U)

Then the joint distribution of Uy, Us, ..., Uy, is f(hy 1 (U, Ua, ..., Up), by H(Ut, Uy oy Up),y oy hiy Y (UL, Us, ...

dhyt  dhgt dh;l
duq duq o duq
dhi'  dhy! dh;
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Where J = det
dhyt dhyt dh;!
dun dun o dun

2 Examples

1. Let X1, X5 be ii.d. U(0,1) random variables. Find the joint pdf of Uy, Us where
Uy=X1+Xoand Uy = X7 — Xy

We see that since U; = X1+ X9 and Us = X7 — X5, we can re-write these equations

as
X, _ Ui+l
2
X, = Ui — U,
2

This means that

<

Il

QL

)

~
7N

,,p\ —_ NN
l DNO|—

N[
~—

DO | | =

Since X7, X9 are i.i.d. U(0, 1) we see that the joint pdf of X1, X5 is

1 O0<z,29< 1

21, 22) = { 0 else



That means that

Ui +U; Uy —Us
2 ’ 2

B { -3 0<% <1and0< 852 <1

f(u17u2) = fX1,X2( )|J|

0 else

i % —1<U2<1and]U2\<U1<2—\U2]
- 0 else

Side Note: Determining the bounds on Uj, Us

The trick to setting up bounds on Uy, Us is to get the bound on one that is free of
the other and then get the bound on the other in terms of the one that you have
already solved for. So, for the first one we take the difference of the two bounds
given:
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U, 4+ U.
L
— 1<Uy<1

for the second one we solve both original inequalities in terms of Us

U U-

0<%<1 = —Uy< U <2—Us
U — U

0<%<1 = U< U <240,

This means that —Us < Uy and Uz < Uy, so max(—Usy,Us) < Uy = |Us| < Uj.
Additionally Uy < 2 — Uy and Uy < 2 + Us, so Uj <min(2 —Us,2+ Ug) = U <
2—|Us]

. Let W = X;/X5. Find the pdf of W.

Finding the distribution of the ratio of random variables can be difficult, but using
the multivariate jacobian techniques can provide one solution.



First we set up a ”dummy” variable so that we can do a one-to-one transformation.

Let W1 =W and W2 == X2.

Now we re-write these equations for X7, Xo

X1 = WiWs
Xo = Wy
This means that
B Wy Wi
J = det ( 0 1 )
wa (1) —wi(0)
So, like before, we have
That means that
flwi,w2) = fx, x, (wiwa, wa)|J|
B lwe| 0<wiwe <1land0<wy <1
- 0 else

w9 0<w1<w%and0<w2<1
0 else

So, now we can find the pdf of W = Wj by integrating the joint pdf of Wy, Ws
over the support of Ws. So,
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3 Exercise

Let X1, X5 have the following joint pdf:

f (:C l‘)— 2(1*IE1) O<ri<landO<axy <1
X1,X2\T1,22) = 0 else

Find the pdf of U = X1 X

4 Solution

Let Uy = X7 and let Uy, =U
This means that

X1 = U
Us
X, = 2
2 U,
0
jJ = det(_uQ 1)
u? ul
B

This means that
U2

flur,uz) = le’XQ(ul’uT)"]’

B 2(1—u1)|u—11| 0<wp <land0< 2 <1
N 0 else

B %—2 O<u;<land 0<uz <up
= 0 else

So to get the pdf of U = Uy we integrate out U;

fw) = [ S
B { fJQ%—Qd’LLl O<us <1

0 else

B 2(ug —In(uz) —1) 0<ug <1
a 0 else



